Abstract-In this paper, we study the problem of communication from rovers on Mars' surface to Mars-orbiting satellites (orbiters). We first justify that, to a good extent, the problem can be modelled as communication over a 2 × 2 Gaussian Xchannel with varying topologies. We then study the capacity of such a channel under the assumption that no channel state information is provided to the transmitters (i.e., no CSIT) other than the network topology. By proposing a strategy that takes advantage of coding across topologies and developing novel upper bounds, we characterize the sum degree-of-freedom (DoF) and the ergodic sum capacity to within a constant gap for the 2×2 X-channel with varying topologies. In addition, we demonstrate the performance gain of the proposed scheme over the baseline time-division-multiple-access (TDMA) scheme currently in use.
I. INTRODUCTION
To facilitate communication of exploration data from rovers on the surface of Mars to the Earth, an increasing amount of data is relayed to Earth through Martian satellites (orbiters), instead of using conventional direct-to-Earth (DTE) communication. As an example, the 2004 Mars Exploration Rover (MER) communicates more than 150 Mbits of data per Mars solar day (sol), 92% of which are relayed to Earth by two Mars orbiters. This is 5 times the amount of data sent by the 1996 Mars Pathfinder lander, which is only capable of DTE communication [1] . The shift in network architecture and resulting increased data rate enabled new data-rich applications like continuous sensing and monitoring, video recording and high-resolution panoramas.
Current Mars orbiters employ the decode-and-forward strategy such that they decode the messages from the rovers and reencode them to send to Earth. Time-division-multiple-access (TDMA) is adopted on the rover-to-orbiter communication link, where one rover communicates with one orbiter at a time. Although far from optimal in terms of data rate, TDMA is attractive in that it requires no channel state information at rovers and little coordination between communication entities. To this end, a natural question arises: Can we facilitate the rover-to-orbiter communication rate without significantly increasing the system complexity or coordination cost?
To answer this question, we first notice that whether a Mars rover can see a non-geostationary Mars orbiter varies over time. For example, the Mars Reconnaissance Orbiter (MRO) appears in the line of sight of a rover located close to the Mars north pole 12 times per sol, 8 minutes each time [2] . Because the topology of the rover-to-orbiter communication network is determined by which rovers can see which orbiters, it also varies over time. Note that communicating the knowledge of instantaneous topological state to the rovers takes very little overhead (i.e., one bit feedback per rover-orbiter pair), and hence a scheme requiring only this knowledge imposes low system complexity.
With a network topology that varies over time, one natural coding strategy is to channel code a sub-message within instances of each topology separately. However, recent results [3] - [7] demonstrated the potential for higher data rate by coding across topologies (CAT). Our goal in this paper is to understand the fundamental impact of time-varying topologies and coding across them on the performance of the rover-toorbiter communication network.
As a first step, we claim that the 2 × 2 X-channel with varying topologies is a good model for this problem, and justify the model through simulation of a 2-rover, 4-orbiter system. Motivated by the practical constraints of the rovers, we study the capacity of this channel assuming no channel state information at transmitters (no CSIT) besides the knowledge about network topology at each communication slot.
In the 2×2 X-channel with varying topologies, we identify 2 coding opportunities, where a DoF gain can be achieved by coding across a set of specific topologies compared to coding each of them separately. We then propose a coding scheme that greedily assigns topology realizations to coding opportunities offering higher DoF gains, and analyse the achieved sum DoF and ergodic sum rate. We also develop novel upper bounds using the following key techniques: 1) enhancing the system to emulate a multiple-input-single-output (MISO) broadcast channel, and 2) introducing virtual receivers in specific topologies to allow the reconstruction of one receiver's signal at another receiver. By comparing the upper bounds to the performance of the proposed scheme, we show that our scheme achieves the optimal sum DoF, and approximately achieves the ergodic sum capacity with i.i.d. uniform-phase and Rayleigh faded channel coefficients. As a result, we demonstrate the performance gain by adopting our proposed scheme over the currently employed TDMA scheme.
II. PROBLEM SETTING AND STATEMENT OF MAIN RESULTS
We start this section by justifying why the rover-to-orbiter communication problem can be modelled as a 2 × 2 Gaussian X-channel with varying topologies. Current Mars landing rovers (e.g., the Mars Science Laboratory (MSL) Curiosity rover) send exploration data to Earth by relaying through two Mars orbiters: MRO and Odyssey. However, additional orbiters, including the Mars Global Surveyor (MGS) orbiter, and the Mars Express spacecraft, are also capable of relaying [1] . Assuming that a rover is able to establish a communication link with an orbiter that is within its line of sight (this occurs when the orbiter forms a 10°elevation angle from the surface tangent plane [2] ), we simulated a system comprised of 2 rovers and 4 orbiters over one sol (approximately 24 hours), and recorded the instantaneous network topologies over time. Our simulation indicates that, interestingly, 40% of the time when any communication is possible, the network topology is made up of 3 or more rover-orbiter line-of-sight links. In all of these "complicated" topologies, as listed in Table I , only 2 rovers and 2 orbiters are relevant. Furthermore, because orbiters will relay decoded messages to the Earth, having any single orbiter successfully decode a data-carrying message is a good outcome. Therefore, we focus our study on the performance of the 2×2 X-channel, where each rover communicates a message to each of the two orbiters.
In addition, we emphasize that the network topology varies over time in a non-trivial manner. This is evidenced by observing that, during one sol, a good fraction of time (ranging from 1.05% to 10.5%) is spent in each of the topologies listed in Table I , which are also comparable to the fraction of time spent in other topologies with less than 3 rover-orbiter links. Therefore, to capture the time-varying property of the 2×2 X-channel topology, all non-degenerate topologies should be incorporated into the problem formulation as possible scenarios. To this end, a 2 × 2 Gaussian X-channel with the topology varying among all possibilities (except for the case where no link exists) becomes the natural choice to model the rover-to-orbiter communication problem.
In the rest of the section, we formally define the problem, and state our main results.
A. Problem Formulation and Definitions
A 2×2 Gaussian X-channel with varying topologies consists of two transmitters and two receivers, where each transmitter has an independent message to send to each of the two receivers. The network topology is defined by a binary vector c = (c 11 , c 12 , c 21 , c 22 )
T , where c ij is equal to 1 if and only if there is a line-of-sight channel from Transmitter j to Receiver i (as mentioned before, this occurs when Receiver i forms a 10°e levation angle from the tangent plane of Transmitter j); otherwise, c ij = 0. We index all possible topologies (except for the one with no link) in Fig. 1 , and let A be the topology index set:
We assume that over the course of communication consisting of N time slots, the topology changes randomly with an arbitrary distribution over the 15 possibilities in A. We let λ a denote the fraction of times that system is in Topology a ∈ A. Furthermore, because that we are focusing on the time slots with at least one link existing, a∈A λ a = 1.
Single-link:
Multiple-access:
Broadcast:
Interference-free: Fully-connected:
Given the above definitions about the topology, we denote the input-output relationship in time slot n as follows:
where c(n) represents the topology at time slot n, and is known globally at all nodes; X i (n) ∈ C is the input symbol of Transmitter i, Y j (n) ∈ C is the output signal at Receiver j, h ji (n) ∈ C is the channel coefficient from Transmitter i to Receiver j, and Z j (n) ∼ CN (0, 1) is the complex additive white Gaussian noise at Receiver j. We assume that the channel coefficients, h ji (n), are drawn independently and identically across space from a bounded, continuous distribution. Transmitters are not aware of the actual channel coefficients, while the receivers know all the channel coefficients perfectly. Finally, each transmitter is subject to the same power constraint P , i.e., E{|X i (n)| 2 } ≤ P , i = 1, 2. Over N time slots, message W ji ∈ {1, . . . , 2 N Rji }, is communicated from Transmitter i to Receiver j. The rate tuple (R 11 , R 12 , R 21 , R 22 ) is achievable if the probability of decoding error for every message vanishes as N → ∞. The capacity region C is the union of all achievable rate vectors, and the sum capacity
B. Main Results
Our first main result characterizes the sum DoF of the 2 × 2 Gaussian X-channel with symmetrically varying topologies as defined below: Definition 1 (Symmetric topology variation). A 2×2 Gaussian X-channel with the topology varying across the ones in Fig. 1 , is defined to have a symmetric topology variation, if λ z1 + λ z4 = λ z2 + λ z3 , where λ z1 , . . . , λ z4 respectively represents the fraction of times that the topology is z 1 , . . . , z 4 . Theorem 1. The sum DoF of the 2 × 2 Gaussian X-channel, with symmetric topology variation, d Σ is 1+λ i1 +λ i2 +min λ z1 +λ z4 , λ z1 +λ z3 +λ f , λ z2 +λ z4 +λ f . (1)
where
with all expectations taken over random channel coefficients.
For channel coefficients admitting uniform-phase fading or Rayleigh fading, we demonstrate via the following corollary of Theorem 2 that, our coding scheme approximately achieves the ergodic sum capacity. Corollary 1. The ergodic sum capacity of a 2 × 2 Gaussian X-channel with symmetric topology variation and i.i.d. (across space and time) channel coefficients from one of the following distributions is achievable to within a constant gap when λ z1 = λ z2 or λ f ≤ |λ z1 − λ z2 |:
1) h ji = e jθji , and θ ji is uniformly distributed over [0, 2π), for all i, j ∈ {1, 2}, 2) Rayleigh fading with zero mean and unit variance.
In the rest of the paper, we focus on the DoF results. See [8] , Section V for the proofs of Theorem 2 and Corollary 1.
III. ACHIEVABILITY OF THEOREM 1
A coding opportunity is a set of topologies, coding across which achieves a DoF gain over coding on each of them separately. In this section, we first describe the coding opportunities for the 2 × 2 X-channel with varying topologies, and then state our achievable scheme of Theorem 1. We ignore receiver noises in the analysis of achievable DoF, and note that at any time, all channel coefficients are non-zero with probability 1.
A. Coding Opportunity 1: {z 1 , z 2 }, {z 3 , z 4 } In Fig. 2 , we illustrate a 2-phase coding scheme achieving DoF 3/2 for the topology combination {z 1 , z 2 } (and topology combination {z 3 , z 4 } up to relabelling the receivers). (1)), and Receiver 2 receives 2 linearly independent combinations (L2, L 2 ) of (X1(2), X2(1)).
After 2 time slots, 2 symbols (X 1 (1), X 2 (1)) are decoded at Receiver 1, and 1 symbol X 1 (2) is decoded at Receiver 2, achieving a sum DoF of 3/2.
B. Coding Opportunity 2: {z 2 , z 4 , f }, {z 1 , z 3 , f } A 3-phase coding scheme achieving DoF 4/3 for topology combination {z 2 , z 4 , f } (and topology combination {z 1 , z 3 , f } up to relabelling of the receivers) is illustrated in Fig. 3 .
Phase I
Phase II Phase III Fig. 3 : Transmission strategy for coding opportunity 2. In 3 time slots, Receiver 1 receives 3 linearly independent combinations (L1, L 1 , L 1 ) of (X2(1), X1(2), X2(2)), and Receiver 2 receives 3 linearly independent combinations (L2, L 2 , L 2 ) of (X1(1), X2(1), X1(2)).
After 3 time slots, 2 symbols (X 1 (2), X 2 (2)) are decoded at Receiver 1, and 2 symbols (X 1 (1), X 2 (1)) are decoded at Receiver 2, achieving a sum DoF of 4/3. Remark 3. First discovered for a binary fading interference channel in [3] , the scheme on coding opportunity 2 was also shown to improve the sum DoF of the two-user interference channel with alternating connectivity [5] , and the two-hop interference channel with vector-linear relaying strategy [4] .
C. Coding Scheme for X-channel with Varying Topologies
Before presenting the achievable scheme, we recall that transmission occurs over N time slots and by the law of large numbers, for sufficiently large N , the number of time slots in which Topology a occurs is λ a N ± o(N ), which converges to λ a when normalized by N . Thus, we simply assume that Topology a appears in λ a N time slots for all a ∈ A.
First, we always code in the two interference-free topologies i 1 and i 2 separately at DoF 2, delivering 2(λ i1 + λ i2 )N symbols. Next, we focus on the symmetric topology variation (λ z1 +λ z4 = λ z2 +λ z3 ), and split the rest part of the achievable scheme into the following two cases:
1) λ z1 ≤ λ z2 and λ z3 ≤ λ z4 : i. We pair each Topology z 1 (z 3 ) with a Topology z 2 (z 4 ), until z 1 (z 3 ) is exhausted. For each paired {z 1 , z 2 }, we perform the coding scheme for coding opportunity 1, delivering 3λ z1 N symbols. Similarly, another 3λ z3 N symbols are delivered by performing coding opportunity 1 scheme on all {z 3 , z 4 } pairs. ii. Next, we combine each of the surplus (λ z2 −λ z1 )N Topology z 2 , (λ z4 − λ z3 )N Topology z 4 , and λ f N Topology f until one of them is exhausted. Applying the coding scheme for coding opportunity 2, we deliver another 4θN symbols, where θ
, and all the remaining topologies, we code them separately by appropriately time sharing between transmitters, achieving a DoF 1 on each of them. Thus we achieve the sum DoF:
2) λ z1 > λ z2 and λ z3 > λ z4 : The achievable scheme is similar to the first case, whereas topologies z 1 and z 3 are surplus from Step i, and the topology combinations {z 1 , z 3 , f } are exhaustively consumed in Step ii. We have in this case:
Recall that λ z1 + λ z4 = λ z2 + λ z3 , and the achieved sum DoF d Σ in general can be expressed as 1+λ i1 +λ i2 +min λ z1 +λ z4 , min{λ z1 , λ z2 }+min{λ z3 , λ z4 }+λ f =1+λ i1 +λ i2 +min λ z1 +λ z4 , λ z1 +λ z3 +λ f , λ z2 +λ z4 +λ f .
Remark 4. The proposed scheme also applies to general asymmetric setting. When λ z1 + λ z4 = λ z2 + λ z3 , our coding scheme achieves sum DoF up to 1 + λ i1 + λ i2 + min λ z1 + λ z4 , λ z2 +λ z3 , min{λ z1 , λ z2 }+min{λ z3 , λ z4 }+λ f .
Remark 5. For the 2-rover, 4-orbiter system whose topology variation specified in Table I , our proposed CAT-based scheme achieves a 9.47% DoF gain over the baseline TDMA scheme. Moreover, assuming free space attenuation (channel coefficient depends on rover-orbiter distance), the average data rate, evaluated as in Theorem 2, is also increased by 10.7%.
IV. CONVERSE OF THEOREM 1
To prove the optimality of the sum DoF achieved in Section III, we will show that the sum DoF d Σ is bounded as
We will present the proof for (2) in this section and the proofs for (3) and (4) can be found in the appendix of [8] .
We define the length-N output vector at Receiver j as Y 
Proof of (2):
The proof utilizes following two key techniques: 1. Channel Enhancements: Without any rate loss, we enhance the system by allowing the two transmitters to cooperate at infinite rate. As a result, the system is converted into a twouser MISO broadcast channel with message W j (with rate R j ) intended for Receiver j, j = 1, 2. 2. Virtual Receivers: We introduce two virtual receivers, labeled1 and2, which are statistically indistinguishable from Receivers 1 and 2 respectively.
Specifically at Receiver1, at time n, Y1(n) = Y 1 (n) if the topology is not z 1 or z 4 . Otherwise, Y1(n) is such that
where (h1 1 (n), h1 2 (n)) and (h 11 (n), h 12 (n)) are i.i.d., and Z 1 (n) and Z1(n) are also i.i.d..
At Receiver2, Y2(n) = Y 2 (n) if the topology is not z 2 or z 3 . Otherwise:
where (h2 1 (n), h2 2 (n)) and (h 21 (n), h 22 (n)) are i.i.d., and Z 2 (n) and Z2(n) are also i.i.d.. We observe that due to the statistical equivalence of Y N j and Y
Ñ j
, if R j is achievable at Receiver j, then Receiverj can also decode W j .
We now use these two techniques by first applying Fano's inequality at Receiver 1, and observing
Similarly at Receiver1,
Adding both sides of the above two inequalities,
For Receivers 2 and2, we have
Claim 1. The sums of mutual information on the right hand sides of (7) and (8) can be respectively bounded as: 
Proof: See proof in [8] , Section IV. Adding (7) and (8) , and by Claim 1, we arrive at 2N (R 1 + R 2 ) ≤2N 2(λ i1 + λ i2 ) + 3(λ z1 + λ z4 ) + λ b1 + λ b2 + λ f (log P + o(log P ))+N o(log P )+N N + 2N 4 k=1 λ s k + λ m1 + λ m2 (log P + o(log P )) =2N (1 + λ i1 + λ i2 + λ z1 + λ z4 ) (log P + o(log P )) + N o(log P ) + N N .
Dividing both sides of (11) by 2N log P and let both N and P go to infinity, we obtain the sum DoF upper bound in (2).
Remark 6. Directly applying the same proof techniques to the asymmetric setting, while (3) and (4) remain valid upper bounds, (2) does not hold any more.
Remark 7. In [7] and [9] , similar techniques were utilized to prove the DoF upper bounds in the context of fading MISO broadcast channel with alternating CSIT.
V. CONCLUDING REMARKS AND FUTURE WORK In this paper, we modelled the rover-to-orbiter communication problem in Mars as communicating over a 2 × 2 Gaussian X-channel with varying topologies. Analysing the proposed coding scheme that takes advantage of coding across topologies, we characterized the sum DoF and the approximate ergodic sum capacity for the symmetric setting. One interesting future direction is to explore the scenario with more than 4 orbiters, which is likely to happen in the future, and identify the new coding opportunities that can arise and characterize their impact on increasing the DoF/throughput. VI. ACKNOWLEDGEMENT Authors would like to thank Dr. Dariush Divsalar at JPL for useful discussions. This work is partly supported by JPL R&TD grant RSA-1517455, and NSF grants CAREER 1408639, CCF-1408755, NETS-1419632, EARS-1411244, and ONR award N000141310094.
